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MOSER STABILITY FOR VOLUME FORMS
ON NONCOMPACT FIBER BUNDLES
A´LVARO PELAYO XIUDI TANG
Abstract. We prove a stability result for volume forms on fiber bundles
with compact base and noncompact fibers. This generalizes the classical
results of Moser and Greene–Shiohama, and recent work by the authors.
1. Introduction
Moser proved that two volume forms on a compact manifold with equal
total integral are diffeomorphic [4]. This was extended to noncompact man-
ifolds by Greene and Shiohama [3], and in [5] to smooth families. The main
result in [5] says that if B is a compact manifold, and M is an oriented
manifold on which one has two smooth families of volume forms {ωp}p∈B
and {τp}p∈B such that for each p ∈ B,∫
M
ωp =
∫
M
τp,
then there is a smooth family of diffeomorphisms {ϕp : M → M}p∈B with
ϕ∗pωp = τp for each p provided the following holds: for any connected com-
ponent C of an end of M , either C has infinite volume with respect to both
{ωp}p∈B and {τp}p∈B, or p 7→
∫
C ωp and p 7→
∫
C τp are continuous and their
difference is smooth. Our goal is to prove a natural generalization of this
result (Theorem 1.2) for fiber bundles pi : M → B with noncompact fiber F
for which M is exhausted by some function f : M → R compatible with the
fiber bundle; we will call these exhausted bundles.
While the paper generalizes [5], it is self-contained. Next we are going
to introduce the key notions of the paper. Our main theorem is stated in
terms of these notions at the end of the section.
1.1. Exhausted and filled (sub)bundles. Throughout this paper man-
ifolds are (C∞) smooth without boundary unless otherwise stated. Let
F,M,B be smooth manifolds, where M,B may have boundaries and B
is connected. Let pi : M → B be a smooth surjective map. Suppose that
for every p ∈ B there exists an open neighborhood U of p in B and a dif-
feomorphism φ : pi−1(U) → U × F such that pi = φ ◦ pr1, where pr1 is the
projection onto the first factor of the product. As usual, (pi,M,B, F ) is
called a fiber bundle, with underlying space M , base B, and fiber F . We call
U a trivializing region of pi and (U, φ) a trivialized chart.
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2 A´LVARO PELAYO XIUDI TANG
Definition 1.1. Let (pi,M,B, F ) be a fiber bundle. Let {(Ui, φi)}i∈I be a
local trivialization, f : M → R a smooth function, and {hi : F → R}i∈I a
family of smooth functions such that f ◦φ−1i = hi ◦pr2, where pr2 is the pro-
jection onto the second factor of the product. We call M
def
= (pi,M,B, F, f)
is a filled bundle. If f and all the hi, i ∈ I, are exhaustion functions, we call
M an exhausted bundle.
We call {(Ui, φi)}i∈I compatible with f . We write sp(M) def= M .
Definition 1.2. Let M = (pi,M,B, F, f) be a filled bundle, A a submani-
fold of M with or without boundary, and {(Ui, φi)}i∈I a local trivialization
compatible with f . We call A a filled subspace of M with respect to the
trivialization if for any i ∈ I there is Pi ⊂ F with φi(A∩pi−1(Ui)) = Ui×Pi.
If Ui ∩ Uj 6= ∅ then there is a diffeomorphism of F induced by a change
of charts φj ◦ φ−1i sending Pi to Pj . Since B is connected, the Pi, i ∈ I,
are diffeomorphic; let P be one of them. Then A
def
= (pi|A, A,B, P, f |A) is a
filled bundle, which we call a filled subbundle of M. We write M|A def= A.
Here are some examples of filled and exhausted bundles:
(1) Let (pi,N,B,E) be a compact fiber bundle and let F be a non-
compact manifold with a smooth function h : F → R. Then M =
(pi◦pr1, N×F,B,E×F, h◦pr2) is a filled bundle which is exhausted
if and only if h is an exhaustion function.
(2) Let F = {(x, y, z) ∈ R3 | x2 + y2 = 1, y2 + z2 > 14}, then F is
a noncompact 2-manifold with 4 ends. Let φ ∈ Diff(F ) be the
diffeomorphism given by φ(x, y, z) = (x,−y,−z), switching two ends
z → +∞ and z → −∞. Let h : F → R, h(x, y, z) = z2 + ((y2 + z2)−
1
4)
−1, then h is an exhaustion function with the property h ◦ φ = h.
Let B = S1 = (0, 2)/(p 7→ p + 1). Then define M = (0, 2) ×ϕ F
where ϕ : (1, 2)× F → (0, 1)× F is given by ϕ(p, y) = (p− 1, φ(y)).
Let pi : M → B be the map induced by pr1 : (0, 2)× F → (0, 2), and
f : M → R be the map induced by h ◦ pr2 : (0, 2) × F → R. Then
M = (pi,M,B, F, f) is an oriented exhausted bundle where M has
3 ends, since φ is orientation preserving.
(3) Let G be a subgroup of SO(n). Let E ⊂ Rk be a noncompact com-
plete submanifold, which is invariant under G. Let u : Rk → R
be a smooth function such that u ◦ φ = u for any φ ∈ G. Let
F = E ∩ {u > 0}. Let h : F → R, h(x) = |x|2 + u(x)−1, then h is an
exhaustion function with the property h ◦ φ = h for any φ ∈ G. Let
(pi,M,B, F ) be any fiber bundle with structure group G such that
B is compact. Let f be the unique exhaustion for M such that the
transition maps in G is compatible with f , with same h = hi. Then
M = (pi,M,B, F, f) is an oriented exhausted bundle with noncom-
pact fiber.
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1.2. Releasing a filled bundle. A diffeomorphism will be constructed in
our main theorem to move volumes within each fiber of a filled bundle M. To
construct it we chop the bundle into subbundles A, with disconnected fibers.
Because of this we cannot transfer volumes between connected components.
To resolve the issue we introduce a new filled bundle: Rls A.
For any topological spacesX,Y let ConnX be the set of connected compo-
nents of X and if µ : X → Y is continuous, let Connµ : ConnX → ConnY
be the map sending C to the connected component of Y containing µ(C).
Proposition 1.1. Let M = (pi,M,B, F, f) be a filled bundle with M con-
nected. Let BM
def
=
∐
p∈B Connpi
−1(p). Let (U, φ) be a trivialized chart. Let
λU :
∐
p∈U Connpi
−1(p) → U × Connpi−1(U) send a connected component
C of pi−1(p) to p paired with the connected component of pi−1(U) containing
C. Endow BM with the smooth structure for which λU is a diffeomorphism.
Then cM : BM → B given by cM (Connpi−1(p)) = {p}, p ∈ B, is a cover-
ing. Moreover, Rlspi : M → BM given by (Rlspi)|pi−1(p) def= Conn: pi−1(p)→
Connpi−1(p), p ∈ B, is a fiber bundle with connected fiber, say FM , and
(1.1) Rls M
def
= (Rlspi,M,BM , FM , f)
is a filled bundle.
Proof. We have a commutative diagram
pi−1(U) pi×Conn //
Rlspi
((
pi

U × Connpi−1(U)
U
∐
p∈U
Connpi−1(p)
λU
OO
cM
oo
,
so cM is a covering, Rlspi is smooth and locally trivial, and (Rlspi)
−1(p) is
connected for each p ∈ BM . Since M is connected, so is BM = (Rlspi)(M).
Hence all fibers of Rlspi are diffeomorphic. 
We call Rls M in Proposition 1.1 the releasing of M.
1.3. Fiber forms. Let M = (pi,M,B, F, f) be a filled bundle with oriented
fiber. Let ιp : pi
−1(p) ↪→ M be the inclusion, p ∈ B. A fiber k-form on M
is a family {ωp}p∈B such that ωp is a k-form on pi−1(p) and there exists
ω ∈ Ωk(M) with ωp = ι∗pω. We denote {ωp}p∈B def= ω. A fiber top-form is a
fiber (dimF )-form. A fiber volume form is a fiber top-form ω such that ωp
is a volume form on pi−1(p). Let ΩkF (M) be the space of fiber k-forms on M.
The space of compactly supported fiber k-forms (ΩkF )c(M) on M is defined
analogously. Let ΩF,vol(M) be the space of fiber volume forms on M.
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1.4. Statement of Main Theorem. Let M = (pi,M,B, F, f) be a filled
bundle with oriented fibers. If ω is a fiber top-form on M and for all p ∈ B
the integral
∫
pi−1(p) ωp exists (it can be ±∞), we call the map defined by
(
∫
M ω)(p) =
∫
pi−1(p) ωp the fiber integral of ω on M.
Definition 1.3. Two forms ω, τ ∈ ΩF,vol(M) are commensurable on a filled
subbundle A of M if their released fiber integrals on A:
r
∫
A
ω
def
=
∫
RlsA
ω and r
∫
A
τ
def
=
∫
RlsA
τ : BA −→ [−∞,+∞]
exist and are continuous with smooth difference, or are both infinite. We say
that ω, τ are commensurable if they are commensurable on the restriction of
M to every unbounded connected component1 of f−1(α,+∞), α ∈ Reg(f).
Below a diffeomorphism ϕ of M is a fiber diffeomorphism if pi ◦ϕ = ϕ ◦pi.
If ω is a fiber k form we define ϕ∗ω = {ϕ|∗pi−1(p)ωp}p∈B.
Theorem 1.2. Let M = (pi,M,B, F, f) be a connected exhausted bundle
with compact base B and oriented noncompact connected fiber F . Then for
any commensurable fiber volume forms ω, τ on M with equal fiber integral,
there exists a fiber diffeomorphism ϕ : M →M such that ϕ∗ω = τ .
We conclude with a few remarks:
(1) The following is an interesting problem: give conditions on a fiber
bundle so that it admits an exhausted bundle structure.
(2) If the fiber bundle in Theorem 1.2 is trivial we recover [5, Theorem
1.1]. If B is a point, this was proved by Greene and Shiohama [3].
(3) The proof strategy of Theorem 1.2 consists of giving the manifold a
tree structure, and then constructing in terms of it a global diffeo-
morphism intertwining the volume forms by glueing. This strategy
is analogous to the one adopted in [5] but the results we prove do
not follow from [5]. On the other hand this is no surprise since the
main theorem for smooth families can be stated with essentially no
preliminaries but for fiber bundles a lot more preparation was re-
quired (Sections 1.1 and 1.2) to state Theorem 1.2. The reason was
explained in Section 1.2 where the key notion of releasing a fiber
bundle is given. It is in terms of this notion that we can express the
conditions on the integrals over the bundle. The delicate problem
has to do with the connectivity of the fibers of fiber bundles not
being in general inherited by subbundles (which cannot occur for
trivial bundles as considered in [5]).
(4) Understanding the geometry of volume forms is important in classi-
cal mechanics, see for instance [2].
1Such restriction is always a filled subbundle, proved in Lemma 3.1
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2. Category of filled bundles and release functor
Next we define the categories of filled bundles and connected filled bun-
dles for an important reason: later we cut filled subbundles of the exhausted
bundle M into subsubbundles, and we will distribute volumes of the fibers
of subbundles into those of subsubbundles. As discussed in Section 1.2,
the nonconnectivity of the fibers forces us to consider the releasing of sub-
bundles and subsubbundles. This causes another problem, that their bases
are different manifolds. Thanks to the functoriality of the release operation
(Lemma 2.1), the bases of subsubbundles are covering spaces of those of
subbundles, which makes the distribution of volumes feasible.
Let FilBund be the category the objects of which are the filled bundles
M = (pi,M,B, F, f) ∈ Obj(FilBund) and with morphisms from M to M′ =
(pi′,M ′, B′, F ′, f ′) given by µ = (µ, µB), where µ and µB are smooth maps
such that
M
pi //
f
zz
µ

B
µB

R M ′ pi
′
//f
′
oo B′
commutes. Denote by Mor(M,M′) the space of morphisms from M to M′.
Lemma 2.1. Let CFilBund be the subcategory of FilBund whose objects
have connected underlying spaces. Let (Rlspi,M,BM , FM , f) be as in Propo-
sition 1.1. Then there is a functor Rls : CFilBund → CFilBund such that
on objects Rls(pi,M,B, F, f)
def
= (Rlspi,M,BM , FM , f).
Proof. Let M = (pi,M,B, F, f) and M′ = (pi′,M ′, B′, F ′, f ′) be objects of
CFilBund. Let µ = (µ, µB) ∈ Mor(M,M′). Let Rls M = (Rlspi,M,BM , FM , f)
and Rls M′ = (Rlspi′,M ′, BM ′ , FM ′ , f ′) be as in Proposition 1.1. We are go-
ing to define the functor Rls on morphisms of CFilBund. Let ν : BM → BM ′
be the unique map defined by the commutative diagram (which also clarifies
the relationships among ν and the maps defined in Proposition 1.1)
pi−1(U)
µ //
Rlspi
((
pi×Conn

(pi′)−1(U ′)
Rlspi′
vv
pi′×Conn

U × Connpi−1(U) µB×Connµ //
λU

U ′ × Conn(pi′)−1(U ′)
λU′
∐
p∈U Connpi
−1(p) ν //
cM

∐
p′∈U ′ Conn(pi
′)−1(p′)
cM′

U
µB // U ′.
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Here U is any open subset of B such that U and U ′ def= µB(U) are trivializing
regions of pi and pi′, respectively.2 Define
(2.1) Rls(µ)
def
= (µ, ν).
We have defined Rls on objects by formula (1.1) and on morphisms by
formula (2.1). One can verify that Rls assigns the identity map to the
identity map and is associative, and therefore Rls is a functor. 
We call Rls the release functor (the relation between M and Rls M is
shown in Figure 1).
M
BM
B
Rlspi
pi
cM
Figure 1. Rls M = (Rlspi,M,BM , FM , f).
We apply Lemma 2.1 to the inclusion of bundles:
Corollary 2.2. Let M = (pi,M,B, F, f) be a filled bundle. Let A be a
filled subspace of M and A
def
= M|A. Let ι : A ↪→ M be the inclusion and
define the morphism ι
def
= (ι, idB) from A to M. Then Rls ι = (ι, κ) where
κ : BA → BM is the unique map induced by the natural map Connpi|−1A (U)→
Connpi−1(U), for any trivializing region U of pi.
We call ι in Lemma 2.2 the (inclusion) embedding of A into M.
Lemma 2.3. If the base of M is compact and the fiber of A has finitely many
connected components then κ in Corollary 2.2 is a covering map between
compact spaces.
Proof. For any open U ⊂ B whose closure is contained in a trivializing region
of pi, U×Connpi−1(U) consists of finitely many copies of U , so it is compact.
Since B has a cover by finitely many such U , BM is the union of finitely many
2To define ν we only need the middle rectangle in the diagram but the diagram provides
a useful way to keep in mind all maps involved. Also, note that ν is uniquely defined
because λU is a diffeomorphism; it is well defined because the collection of all such U is a
base of the topology of B, and the definitions of ν on the preimages of overlapping regions
by cM coincide.
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sets diffeomorphic (by λ−1U ) to U × Connpi−1(U), so BM is compact. If the
fiber of A has finitely many connected components, analoguous arguments
ensure the compactness of BA.
Since BA is compact, κ(BA) is compact. But since κ is a local diffeomor-
phism, κ(BA) is open in BM , which means κ is surjective, hence a covering
map. 
If κ : B′ → B is a covering space with B connected we denote by #κ
the number of sheets of κ, that is, the number of κ−1(p) for any p ∈ B
(independent of p).
3. Ingredients for the proof of the main theorem
In this section we prove most of the intermediate statements needed to
prove the main theorem. The results of the section generalize, but do not
follow directly from, the results of [5, Sections 2 and 3], so we had to suitably
modify the statements and adapt the proofs. The new difficulty is, as it
was explained earlier, that the connectivity of the fibers of a bundle is not
inherited by subbundles.
3.1. Slicing an exhausted bundle.
Lemma 3.1. Let M = (pi,M,B, F, f) be an exhausted bundle. Let A =⋃m
k=1Ak, where m ∈ N and Ak ∈ Conn(f−1(Ik)) for some interval Ik whose
endpoints are regular values of f . Then A is a filled subspace of M.
Proof. Let {(Ui, φi)}i∈I be a local trivialization. By continuity, φi(Ak ∩
pi−1(Ui)) = Ui × Pik for some Pik, which is the disjoint union of some
connected components of h−1i (Ik). Hence if Pi =
⋃m
k=1 Pik, then φi(A ∩
pi−1(Ui)) = Ui × Pi. So A is a filled subspace of M. 
From Lemma 3.1 we can conclude:
Corollary 3.2. Let M = (pi,M,B, F, f) be an exhausted bundle and α ∈ R.
Let x0 ∈M be a minimum3of f .
• If α ∈ R \ f(M) define M[α] def= ∅;
• If α ∈ Reg(f)∩f(M) and Cα be a connected component of f−1(−∞, α]
containing x0. Define M[α] to be the union of Cα and the precompact
connected components of M \ Cα.
Then M[α] is a compact and connected filled subspace of M with respect to
any local trivialization.
By Corollary 3.2, we can define
M[α]
def
= M|M[α]
a filled subbundle of M. From Lemma 3.1 we also have:
3The bundles M[α] and A[α] will depend on the choice of x0. For this reason, we fix
the choice of x0 throughout the paper.
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Corollary 3.3. Let M = (pi,M,B, F, f) be an exhausted bundle and α ∈ R.
Let A be a filled subspace of M with respect to {(Ui, φi)}i∈I . Let P ⊂ F be
the fiber of the filled subbundle A
def
= M|A of M. Then A[α] def= A ∩M[α] is
a filled subspace of M with respect to {(Ui, φi)}i∈I .
By Corollary 3.2, we can define
A[α]
def
= M|A[α] .
a filled subbundle of M.
The following gives the existence of A[α] with good properties: saturated
slices. If A[α] is a saturated slice of A then the connected components of
the fiber of A[α] are in one-to-one correspondence with those of A.
Lemma 3.4. Let M = (pi,M,B, F, f) be an exhausted bundle with compact
base. Let A be a connected filled subspace of M and A = M|A. For any
α ∈ Reg(f) ∩ f(A), let ια : A[α] ↪→ A be the embedding, and let Rls ια =
(ια, κα). Then map κα is a covering, see Lemma 2.3. If for any α
′ ∈ Reg(f)
with α′ > α, κα is a diffeomorphism we call A[α] a saturated slice of A by
α. Then for any such A saturated slices of A exist.
For the proof of Lemma 3.4, see Appendix A.3.
3.2. A tree structure on a connected exhausted bundle. The follow-
ing generalizes [5, Lemma 2.3]. See Appendix A.1 for a review of trees.
Lemma 3.5. Let M = (pi,M,B, F, f) be a connected exhausted bundle,
α0 = −∞ and {α`}`∈N ⊂ Reg(f)∩f(M) be an unbounded strictly increasing
sequence. Let L(`) be the collection of A = M|A where A is any unbounded
connected component of M \M[α`−1]. Then there is a tree (T ,)) of filled
subbundles of M such that T = ∐`∈N∪{0} L(`), where for A,C ∈ T , A ) C
if C is a filled subbundle of (not equal to) A. Moreover, (T ,)) is a rooted
locally finite leafless tree of height ω, and L(`) = Lv(`) for each ` ∈ N∪{0}.
Proof. Let Ai ∈ L(`i) ⊂ T where `i ∈ N ∪ {0}, for i = 1, 2 and 3. By
definition of connected components we have the following: if A1 ) A2, then
`1 < `2; if A1,A2 ) A3 and `1 < `2, then A1 ) A2. Hence (T ,)) is a tree.
The only root of T is M ∈ Lv(0), by induction L(`) is the `-th level of T ,
which is finite, so T is locally finite. For any A ∈ Lv(`) with A = sp(A),
A \ A[α`+1] 6= ∅, so T is leafless. Hence {dpt(A) | A ∈ T } = N ∪ {0}, and
hgt(T ) = ω. 
3.3. Transferring volumes within fibers. Next we will use the analytic
tool, the work of Bueler–Prokhorenkov on Hodge theory [1], to prove a
series of lemmas that allow us to move the volumes within the fibers of an
exhausted bundle in various manners. First we explain how to move volumes
within the interiors of compact submanifolds of the fibers.
Lemma 3.6. Let M = (pi,M,B, F, f) be a filled bundle with compact base.
Then following hold:
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(1) If hi, i ∈ I in Definition 1.1 are exhaustion functions, then M is an
exhausted bundle.
(2) Suppose that M is also exhausted. Then B,F are compact if and
only if M is compact.
Proof. Since B is compact, let {(Ui, φi)}i∈I be a local trivialization of M
such that I is finite and Ui is compact for any i ∈ I. Now that hi are
exhaustion functions for F , let α ∈ Reg(f), then
f−1((−∞, α]) =
⋃
i∈I
f−1((−∞, α]) ∩ pi−1(U i) =
⋃
i∈I
φi
(
U i × h−1i ((−∞, α])
)
is compact. Hence f is an exhaustion function for M and then M is an
exhausted bundle. This proves (1).
If M is exhausted and B, F are compact, then M =
⋃
i∈I pi
−1(Ui) =⋃
i∈I φi(Ui × F ) is compact. If M is exhausted and compact, then B =
pi(M) is compact, and f is bounded. So hi is bounded, which implies the
compactness of F . This proves (2). 
The following generalizes [5, Lemma 3.1]
Lemma 3.7. Let M = (pi,M,B, F, f) be a filled bundle with compact base.
Suppose that N is a compact connected hypersurface of M through regular
points of f , on which pi is a submersion. Then:
(i) there exists ε > 0 and a diffeomorphism Φ: N × (−ε, ε)→ VN such
that VN ⊂M is a neighborhood of N , Φ(y, 0) = y, pi(Φ(y, s)) = pi(y)
and f(Φ(y, s)) = f(y) + s for any (y, s) ∈ N × (−ε, ε).
(ii) The set VN \N has exactly two connected components, each charac-
terized by the sign of pr2 ◦Φ−1.
(iii) If N is a filled subspace of M, VN is a filled subspace of M.
(iiv) If N = M|N has connected fiber, VN = M|VN has connected fiber.
Proof. Let VM = ker(dpi : TM → TB) be the vertical tangent bundle of M
and g be any Riemannian metric on M . Let Y ∈ Γ(VM) be an extension
of ∇(f |pi−1(p)), the gradient of f |pi−1(p), for any p ∈ B. Then Y (f)|pi−1(p) =
Y |pi−1(p)(f |pi−1(p)) =
∣∣∇(f |pi−1(p))∣∣2g. Therefore there exists a neighborhood
V˜N ⊃ N such that Y (f) > 0 in V˜N . Let X ∈ Γ(VM) be such that X(x) =∣∣∇(f |pi−1(pi(x)))(x)∣∣−2g Y (x) for x ∈ V˜N , then X(f) = 1 on V˜N . Consider
the flow of X, Φ: N × (−ε, ε) → M, (y, s) 7→ x, that is Φ(y, 0) = y for all
y ∈ N and ∂Φ∂s (y, s) = X(Φ(y, s)) for all (y, s) ∈ N × (−ε, ε), for ε > 0
small enough such that the image of Φ is contained in V˜N . Then we define
VN = Φ(N × (−ε, ε)). Since X is vertical and X(f) = 1 in VN , we have
pi(Φ(y, s)) = pi(y) and f(Φ(y, s)) = f(y) + s for any (y, s) ∈ N × (−ε, ε),
and Φ is a diffeomorphism. The two connected components of VN \ N are
Φ(N × (−ε, 0)) and Φ(N × (0, ε)). If N is a filled subspace of M then there
is α ∈ Reg(f) such that N is the union of some connected components of
f−1(α), so VN is the union of some connected components of f−1((α−ε, α+
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ε)) and by Lemma 3.1 VN is a filled subspace of M. If N has connected
fiber, then since the fiber of VN is the image of the fiber of N under the
flow of X restricted on the fiber, it is connected. 
For any filled bundle M we define the fiber exterior derivative
d : ΩqF (M)→ Ωq+1F (M), η 7→ dη
by (dη)p = dηp for p ∈ B.
Lemma 3.8. Let M = (pi,M,B, F, f) be a filled bundle with compact base.
Suppose W is an open subset of M such that W is a compact submanifold
with boundary ∂W , and Z ⊂ F makes W = (pi|W ,W,B,Z, f |W ) a filled
subbundle of M with connected fiber. Let ξ ∈ (ΩkF )c(M). If supp ξ ⊂ W
and ξ|W∩pi−1(p) ∈ dΩk−1c (W ∩ pi−1(p)) for any p ∈ B, then there is an
η ∈ (Ωk−1F )c(M) such that ξ = dη and supp η ⊂W .
Proof. Let {(Ui, φi)}i∈I be a local trivialization of M with respect to which
W is a filled subspace of M, then we can assume φi(W ∩ pi−1(Ui)) = Ui×Z
for any i ∈ I. By Lemma 3.6, Z is compact. Let {χi}i∈I be a partition of
unity subordinated to the open cover {Ui}i∈I of B. We apply Theorem A.1
to Z to get an operator IqZ , then define η =
∑
i∈I φ
∗
i I
k
Z(φ
−1
i )
∗((χi ◦ pi) · ξ).
Since d ◦ IkZ = id, we have ξ = dη and supp η ⊂W . 
The following is an extension of [5, Lemma 4.5].
Lemma 3.9. Let M = (pi,M,B, F, f) be a filled bundle with compact base.
Let V be a filled subbundle of M with connected fiber. Suppose that V =
sp(V) is an open subset of M such that V is a compact submanifold with
boundary ∂V . Let ω, τ ∈ ΩF,vol(M) such that supp(ω − τ) ⊂ V and
(3.1)
∫
V
ω =
∫
V
τ.
Then there is a fiber diffeomorphism ϕ : M →M such that ϕ is the identity
in a neighborhood of M \ V and ϕ∗ω = τ .
Proof. By Lemma 3.7 applied to each connected component of N = ∂V
there exist ε > 0 and VN a neighborhood of N satisfying (i)-(iii). Since
B is compact and supp(ω − τ) ⊂ V , we may reduce ε as needed so that
supp(ω − τ) ⊂ V \ VN . Let W = V \ VN and Wp = W ∩ pi−1(p), p ∈ B.
It follows from (3.1) that (ωp − τp)|Wp ∈ dΩdimF−1c (Wp). Therefore by
Lemma 3.8 there exists σ ⊂ (ΩdimF−1F )c(M) with suppσ ⊂ W such that
dσ = ω − τ . Define
ωt = (1− t)ω + tτ ∈ ΩF,vol(M) ∀t ∈ [0, 1].
Since ωt is nowhere vanishing there exists a smooth family of vertical vector
fields {Xt}t∈[0,1] ⊂ Γ(VM) where each Xt is supported in W and such that
ωt(Xt, ·) = σ.
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Let ϕt : M → M be a fiber diffeomorphism generated by Xt that is the
identity outside of W . Then ϕ = ϕ−11 satisfies the required properties. 
Now we carry out the transferring of volumes. The following three lem-
mas correspond to [5, Lemmas 4.6-4.8] in the case of smooth families. The
statements and the proofs are analogous but more delicate to implement
due to the role that the release functor plays.
Lemma 3.10. Let M = (pi,M,B, F, f) be a filled bundle with compact base.
Let K be a connected filled subbundle of M whose underlying space K is a
compact manifold with or without boundary which has a nonempty interior.
Let BK be the base of Rls K, and let w ∈ C∞(BK ;R). If ω ∈ ΩF,vol(M),
then there exists τ ∈ ΩF,vol(M) such that supp(ω − τ) ⊂ K◦ and
r
∫
K
τ = w.
Proof. Let ξ ∈ ΩF,vol(M) be such that supp(ξ−ω) ⊂ K◦ and r
∫
K ξ < w. Let
η > 0 be a fiber top-form on M such that supp η ⊂ K◦ and r∫K η > 0. Define
τ = ξ + Rls(pi|K)∗
(
w − r∫K ξ
r
∫
K η
)
η,
where Rls(pi|K) be the bundle map of Rls(K). 
Lemma 3.11. Let W = (pi,W,B,Z, f) be a filled bundle with compact
base and oriented connected fiber. Let N be a filled subbundle of W with
connected fiber. Suppose that N = sp(N) is a connected hypersurface of W
such that W \N has two components, say W+ and W−. Let W+ = W|W+
and W− = W|W−. Let ω, τ ∈ ΩF,vol(W). Then there is a neighborhood VN
of N , and a fiber diffeomorphism ϕ : W →W with the following properties:
(1) ϕ is the identity in a neighborhood of W \ VN ;
(2) ϕ∗ω = τ in a neighborhood of N ;
(3)
∫
W+ ϕ
∗ω =
∫
W+ ω; and
∫
W− ϕ
∗ω =
∫
W− ω.
Proof. By Lemma 3.7, there exists VN with underlying space VN as a filled
subbundle of W, ε > 0 and a diffeomorphism Φ: N × (−ε, ε) → VN such
that VN ⊂ M is a neighborhood of N , Φ(y, 0) = y, pi(Φ(y, s)) = pi(y) and
f(Φ(y, s)) = f(y) + s for any (y, s) ∈ N × (−ε, ε). Let V +N = Φ(N × (0, ε))
and V −N = Φ(N × (−ε, 0)). We consider Φ(N × [0, ε)) first. By compactness
of B there exists 0 < δ < ε/2 such that∫
M|Φ(N×(0,ε−δ))
τ >
∫
M|Φ(N×(0,δ))
ω and
∫
M|Φ(N×(0,ε−δ))
ω >
∫
M|Φ(N×(0,δ))
τ.
Let s = pr2 ◦Φ−1 : Φ(N × (−ε, ε)) → (−ε, ε) and choose a smooth func-
tion ζ : (0, ε) × (0, 1) → [0, 1] such that ζ(s, ·) = 1 if s ∈ (0, δ], ζ(s, ·) = 0 if
s ∈ [ε− δ, ε), limt→0+ ζ(s, t) = 0, ∂ζ∂t (s, ·) > 0, and limt→1− ζ(s, t) = 1 if s ∈
(δ, ε−δ). Let V+N = M|V +N and V
−
N = M|V −N . Then θ(t, ·) =
∫
V+N
ζ(s(·), t)τ−
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V+N
ζ(s(·), 1− t)ω is smooth on (0, 1)× B and ∂θ∂t (t, ·) =
∫
V+N
∂ζ
∂t (s(·), t)τ +∫
V+N
∂ζ
∂t (s(·), 1 − t)ω > 0 for any t ∈ (0, 1) and limt→0+ θ(t, p) < 0 <
limt→1− θ(t, p) for any p ∈ B. Then for every p ∈ B there is a unique
smooth t = t(p) : B → R solving θ(t(p), p) = 0. The functions λ(x) def=
ζ(s(x), t(pi(x))) and µ(x)
def
= ζ(s(x), 1− t(pi(x))) on V +N are smooth in x. By
analogy we define λ and µ in V −N , then let λ = µ = 1 on N and λ = µ = 0
in W \ VN . In this way, λ, µ : W → R are defined smoothly, such that∫
V+N
µω =
∫
V+N
λτ and
∫
V−N
µω =
∫
V−N
λτ .
Hence
∫
V+N
((1 − µ)ω + λτ) = ∫V+N ω and ∫V−N((1 − µ)ω + λτ) = ∫V−N ω.
It follows from Lemma 3.9 applied to (1− µ)ω + λτ and ω on V+N and V−N
that there exists a fiber diffeomorphism ϕ : W → W such that ϕ = id in
V \ Φ(N × (δ − ε, ε − δ)) and ϕ∗ω = (1 − µ)ω + λτ . Hence ϕ satisfies the
conditions claimed in the statement. 
Lemma 3.12. Let M = (pi,M,B, F, f) be a connected exhausted bundle
with compact base and oriented noncompact connected fibers. Let {Lj}j∈N
be a cover of M by compact connected submanifolds with boundary, which
have the same dimension as M , and whose interiors are pairwise disjoint.
Suppose for any j ∈ N, Lj is a filled subspace. Let Lj = M|Lj . If ω, τ ∈
ΩF,vol(M) are such that r
∫
Lj
ω = r
∫
Lj
τ for each j ∈ N then there is a fiber
diffeomorphism ϕ : M →M such that ϕ∗ω = τ .
Proof. By the construction of {Lj}j∈N, any three different Lj ’s for j ∈ N do
not intersect. Let
C = {M|N | N ∈ ConnLj ∩ Lk, j, k ∈ N, j 6= k}.
Then C is a collection of pairwise disjoint filled subbundles of M whose
underlying spaces are hypersurfaces ofM . So for each N ∈ C with underlying
space N , let j, k ∈ N be such that N ⊂ Lj ∩ Lk, by Lemma 3.7, we obtain
εN > 0 and a diffeomorphism ΦN : VN × (−εN , εN ) → VN where VN is
a neighborhood of N and a filled subspace of M. We require V −N ⊂ Lj
and V +N ⊂ Lk. Let VN = M|VN , V−N = M|V −N , and V
+
N = M|V +N . Now
apply Lemma 3.11 to Rls VN in order to obtain a fiber diffeomorphism
ϕN : M → M such that ϕN = id in a neighborhood of M \ VN , ϕ∗Nω = τ
in a neighborhood of N , and r
∫
V+N
ϕ∗Nω = r
∫
V+N
ω as well as r
∫
V−N
ϕ∗Nω =
r
∫
V−N
ω (note that a differmorphism preserving the released bundle map also
preserves the original bundle map). Therefore r
∫
Lj
ϕ∗Nω = r
∫
Lj
ω,r
∫
Lk
ϕ∗Nω =
r
∫
Lk
ω. Note that V −N ⊂ Lj , so the base of Rls V−N covers that of Rls Lj .
If necessary, choose εN small such that the family {VN}N∈C is mutually
disjoint. Since replacing ω by ϕ∗Nω each time does not change the released
fiber volume of Lj for any j ∈ N, we compose these ϕN for N = sp(N),
for N ∈ C, as they are the identity away from disjoint open sets, to obtain
a fiber diffeomorphism ϕ′ : M → M such that ω′ = ϕ′∗ω is equal to τ on
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some neighborhood of
⋃
N∈C N and r
∫
Lj
ω′ = r
∫
Lj
ω = r
∫
Lj
τ for each j ∈ N.
Applying Lemma 3.9 to each Rls Lj for j ∈ N we get a fiber diffeomorphism
ψj : M → M such that τ = ψ∗jω′ in Lj and ψj = id in a neighborhood of
M \ Lj . Replacing ω′ by ψ∗jω′ each time and composing {ψj}j∈N we obtain
a fiber diffeomorphism ψ′ : M → M such that τ = ψ′∗ω′. Then ϕ = ϕ′ ◦ ψ′
satisfies the required properties. 
4. Proof of the main result
The analogue of the following lemma for the case of smooth families ap-
peared in [5, Lemma 4.1], the proof strategy is analogous.
For any tree T of height ω, for any X ∈ Lv(`), ` ∈ N ∪ {0}, let
ΘTX = X[α`+1], ΞTX = X[α`+2].
Then we have
sp(ΘTX) = sp(X) \
∐
Y∈Ch(X)
sp(Y), sp(ΞTX) = sp(X) \
∐
Z∈Gch(X)
sp(Z).
Lemma 4.1. Let M = (pi,M,B, F, f) be a connected exhausted bundle
with compact base and oriented noncompact connected fiber. Let ω, τ ∈
ΩF,vol(M) be commensurable and suppose that they have equal fiber inte-
gral. Then there is a tree (T ,)) of connected filled subbundles of M and
{ωn}n∈N∪{0}, {τn}n∈N∪{0} ⊂ ΩF,vol(M) such that ω0 = ω, τ0 = τ and for any
n ∈ N, we have that
(4.1) supp(ωn − ωn−1) ∪ supp(τn − τn−1) ⊂
⋃
C∈Lv(2n−2)
(sp(ΞTC))◦,
as well as that for each A ∈ Lv(2n − 3) with n > 1, C ∈ Lv(2n − 2),
E ∈ Lv(2n− 1),
r
∫
ΘTM
ω1 = r
∫
ΘTM
τ1, r
∫
ΞTA
ωn = r
∫
ΞTA
τn for n > 1;(4.2)
r
∫
ΞTC
ωn = r
∫
ΞTC
ωn−1, r
∫
ΞTC
τn = r
∫
ΞTC
τn−1;(4.3)
r
∫
E
ωn = r
∫
E
τn.(4.4)
Proof. Our goal is to find α0 = −∞ and {α`}`∈N ⊂ Reg(f) ∩ f(M) such
that T is constructed by Lemma 3.5, see Figure 2. Note that, if we know
{α`}06`6m for some m ∈ N ∪ {0} for the sequence {α`}`∈N∪{0} defining T ,
then we say T is constructed up to the m-th level, so we know Lv(`) of
T for any ` with 0 6 ` 6 m. We proceed by induction on n ∈ N ∪ {0}
to find α2n−1, α2n and ωn, τn ∈ ΩF,vol(M) such that r
∫
E ωn = r
∫
E τn for any
E ∈ Lv(2n − 1) (E ∈ Lv(0) if n = 0). For any X,Y ∈ T with X ) Y, let
ιYX : Y ↪→ X be the embedding and let
Rls ιYX = (ι
Y
X, κ
Y
X).
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f˜(x)
ΞTC
p1
A
CE
ΞTC
p2
M
(−
∞
,α
2
]M
(−
∞
,α
7
]
ΞTC
p3
B ' S1
x0 pi−1(p1)
pi−1(p2)pi−1(p3)
pi
M
α1
α2
α3
α4
α5
α6
α7
Figure 2. M = (pi,M,B, F, f) in Lemma 4.1.
By Lemma 2.3, κYX is a covering map, whose number of sheets is denoted
by #κYX.
Case 0. Set α0 = −∞, then M[α0] = ∅, and Lv(0) = {M}. Since ω and τ
has equal fiber integral and M has connected fiber, we have r
∫
M ω0 = r
∫
M τ0.
Case (n − 1) for n ∈ N. By induction we assume that for any A ∈
Lv(2n− 3) (A ∈ Lv(0) when n = 1) we have:
(4.5) r
∫
A
ωn−1 = r
∫
A
τn−1.
Case n for n ∈ N. Take α2n−1 ∈ Reg(f) such that C[α2n−1] is a saturated
slice of C for each C ∈ Lv(2n − 2) (for the concept of saturated slices
and the existence of α2n−1, see Lemma 3.4). Then T is constructed up
to the (2n − 1)-th level. Let A ∈ Lv(2n − 3) (if n = 1 let A = M and
replace Gch(A) by Ch(M), ΞTA by ΘTM throughout this paragraph).
The base of Rls A is BA. Let Gch0(A) (resp. Gch1(A)) be the subcollection
of elements in Gch(A) with finite (resp. infinite) volume. For any E ∈
Gch(A), we define δE ∈ C∞(BE ;R) as follows: if E has finite volume, let
δE = r
∫
E ωn−1 − r
∫
E τn−1; if E has infinite volume, let
δE =
1∑
G∈Gch1(A)
#κGA
(κEA)
∗
r∫
ΞTA
τn−1 − r
∫
ΞTA
ωn−1 −
∑
G∈Gch0(A)
(κGA)∗δG
.
Then combining equations (A.1) and (4.5) we obtain∑
E∈Gch(A)
(κEA)∗δE = r
∫
ΞTA
τn−1 − r
∫
ΞTA
ωn−1.
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For every C ∈ Ch(A), let BC be the base of Rls C, and let uC ∈
C∞(BC ;R) be such that
max
−r∫
ΘTC
ωn−1,−r
∫
ΘTC
τn−1 +
∑
E∈Ch(C)
(κEC)∗δE
 < uC < r∫
C
ωn−1 − r
∫
ΘTC
ωn−1.
If C has finite volume then(
r
∫
C
ωn−1 − r
∫
ΘTC
ωn−1
)
−
−r∫
ΘTC
τn−1 +
∑
E∈Ch(C)
(κEC)∗δE

= r
∫
C
ωn−1 +
(
r
∫
ΘTC
τn−1 − r
∫
ΘTC
ωn−1
)
+
∑
E∈Ch(C)
(κEC)∗
(
r
∫
E
τn−1 − r
∫
E
ωn−1
)
= r
∫
C
τn−1 > 0,
so such uC exists. Since
uC <
∑
E∈Ch(C)
(κEC)∗r
∫
E
ωn−1 = r
∫
C
ωn−1 − r
∫
ΘTC
ωn−1,
by Lemma A.2 applied to the covering map∐
E∈Ch(C)
BE → BC ,
we may choose vE ∈ C∞(BE ;R) (where BE is the base of Rls E) such that
vE < r
∫
E ωn−1 and
∑
E∈Ch(C)(κ
E
C)∗vE = uC.
For any E ∈ Ch(C), if E has infinite volume, take βE ∈ Reg(f) such
that E[βE] is a saturated slice (for the concept of saturated slices and the
existence of α2n−1, see Lemma 3.4). Otherwise, the function
(4.6) (·, β) 7→ min
(∫
(RlsE)|E[β]
ωn−1,
∫
(RlsE)|E[β]
τn−1 + δE
)
− vE
BE × R is continuous in the first variable, is increasing in β, and converges
to r
∫
E ωn−1 − vE > 0 as β → +∞ pointwise. Note Rls E is not a subbundle
of M, so we cannot slice it by β. Since BE is compact there is βE > α2n−1
such that (4.6) is positive when β = βE. Let α2n = maxE∈Lv(2n−1) βE , then
T is constructed up to the 2n-th level. So ΘT E = E[α2n], then we have
vE < r
∫
ΘT E ωn−1, and vE− δE < r
∫
ΘT E τn−1. Since all the right hand sides of
these expressions are positive, by Lemma 3.10, there are ωn, τn ∈ ΩF,vol(M)
such that
r
∫
ΘTC
ωn = r
∫
ΘTC
ωn−1 + uC, r
∫
ΘTC
τn = r
∫
ΘTC
τn−1 + uC −
∑
E∈Ch(C)
(κEC)∗δE,
r
∫
ΘT E
ωn = r
∫
ΘT E
ωn−1 − vE, r
∫
ΘT E
τn = r
∫
ΘT E
ωn−1 − (vE − δE),
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and
supp(ωn − ωn−1) ∪ supp(τn − τn−1)
⊂ (M[α2n])◦ \M[α2n−2] =
⋃
C∈Lv(2n−2)
(sp(ΞTC))◦.
Then we have
r
∫
ΞTA
ωn = r
∫
ΞTA
ωn−1 +
∑
C∈Ch(A)
(κCA)∗uC
= r
∫
ΞTA
τn−1 −
∑
E∈Gch(A)
(κCA)∗
(
(κEC)∗δE − uC
)
= r
∫
ΞTA
τn,
and
r
∫
ΞTC
ωn = r
∫
ΘTC
ωn +
∑
E∈Ch(C)
(κEC)∗r
∫
ΘT E
ωn = r
∫
ΞTC
ωn−1,
r
∫
ΞTC
τn = r
∫
ΘTC
τn +
∑
E∈Ch(C)
(κEC)∗r
∫
ΘT E
τn = r
∫
ΞTC
τn−1,
and
r
∫
E
ωn = r
∫
ΘT E
ωn + r
∫
E
ωn−1 − r
∫
ΘT E
ωn−1
= r
∫
E
ωn−1 − vE = r
∫
E
τn−1 − (vE − δE) = r
∫
E
τn.

Now we can apply Lemma 4.1 to M and ω, τ , in which way we obtain the
tree T of filled subbundles of M such that (4.1) to (4.4) hold.
For n ∈ N and C ∈ Lv(2n−2), applying Lemma 3.9 to (ΞTC)◦, there are
fiber diffeomorphisms ϕn, ψn : M → M such that ϕ∗nωn−1 = ωn, ψ∗nτn−1 =
τn, and ϕn = ψn = id outside of (M[α2n])
◦ \M[α2n−2]. Let
(4.7)
ω∞ = lim
n→∞ωn, τ∞ = limn→∞ τn,
ϕ∞ = ϕ1 ◦ ϕ2 ◦ · · · , ψ∞ = ψ1 ◦ ψ2 ◦ · · · .
Since the interiors of sp(ΞTC), C ∈ T with even depths are mutually dis-
joint, the pointwise limits in (4.7) will be stable at a finite n, so ω∞, τ∞ ∈
ΩF,vol(M), ϕ∞, ψ∞ : M →M must be fiber diffeomorphisms,
r
∫
ΘTM
ω∞ = r
∫
ΘTM
τ∞, r
∫
ΞTA
ω∞ = r
∫
ΞTA
τ∞
for each A ∈ T with odd depth, ϕ∗∞ω = ω∞, and ψ∗∞τ = τ∞.
Let {Lj}j∈N be the set of ΘTM and the closures of ΞTA for A ∈ T with
even depths. By Lemma 3.12, there is a fiber diffeomorphism ϕ′ : M → M
such that ϕ′∗ω∞ = τ∞.
Finally, ϕ = ϕ∞ ◦ ϕ′ ◦ ψ−1∞ : M →M , which concludes the proof.
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Appendix A. Technical tools
A.1. Trees. A tree is a strictly partially ordered set (T ,≺) with the prop-
erty that for each x ∈ T , the set Pre(x) = {y ∈ T | y ≺ x} of all predecessors
of x is well ordered by ≺. We write T for (T ,≺) when there is no ambiguity.
Let Rt(T ) = {x ∈ T | ∀y ∈ T, y 6≺ x} 6= ∅ be the set of roots of T . If Rt(T )
is a singleton we call T rooted.
Let Suc(x) = {y ∈ T | y  x} be the set of all successors of x, then
(Suc(x),≺) is a tree. Let Ch(x) = Rt(Suc(x)) be the set of children of x.
If for any x ∈ T , Ch(x) is finite, we call T locally finite. Let Gch(x) =⋃
y∈Ch(x) Ch(y) be the set of grandchildren of x. Let Lf(T ) = {x ∈ T | ∀y ∈
T, x 6≺ y} be the set of leaves of T . If Lf(T ) = ∅ we call T leafless.
The depth of x is the ordinal of Pre(x), which we denote by dpt(x). Let
hgt(T ) = sup{dpt(x) + 1 | x ∈ T } be the height of T . For any ordinal
` < hgt(T ), let Lv(`) = {x ∈ T | dpt(x) = `} be the `-th level of T .
A.2. A Hodge theory lemma. The following was proved in [5].
Theorem A.1 ([5, Theorem 3.2]). Let Z be an open subset of F such that
Z is a submanifold of F with boundary ∂Z. Then for any k ∈ N with
1 6 k 6 dimF there is an operator IkZ preserving smooth families of k-
forms{
ξ ∈ Ωkc (F )
∣∣∣ supp ξ ⊂ Z, ξ|Z ∈ dΩk−1c (Z)}→ {η ∈ Ωk−1c (F ) ∣∣∣ supp η ⊂ Z}
satisfying d ◦ IqZ = id.
Proof. For the sake of being self-contained, we repeat the proof here. By
[1] we have a weighted Hodge-Laplacian ∆µ : Ω
k
c (Z) → Ωkc (Z) on Z which
is endowed with a specific metric g and measure µ. Its Green operator
Gµ : Ω
k
c (Z) → Ωk(Z) and weighted codifferential δµ : Ωkc (Z) → Ωk−1c (Z)
satisfy d ◦ δµ ◦ Gµ ◦ d = d. Any η ∈ Gµ(Ωkc (Z)) has an extension η˜ ∈
Ωkc (F ),such that supp η˜ ⊂ Z and η˜|Z = η. For ξ ∈ Ωkc (F ) supported in Z,
if ξ|Z ∈ dΩk−1c (Z) let IkZ(ξ) be the extension of (δµ ◦Gµ)(ξ|Z) to Ωk−1c (F ).
Then d ◦ IkZ = id. The operator IkZ preserves smooth families, this can be
seen as follows. Let U be an open subset of some Euclidean space. First,
the p-derivative of a smooth family ξp, p ∈ U of compactly supported forms
is compactly supported. Since Gµ is an integral operator with a singular
kernel one can pass the p-derivative through Gµ, so ∂pGµξp exists and is
a smooth form, for each p ∈ U . By an analogous proof for higher order
derivatives, Gµξp, with p ∈ U , is a smooth family. The map δµ preserves
smooth families since it is a differential operator. 
A.3. Three auxiliary technical lemmas. Now we prove an auxiliary
lemma which will ensure the smooth dependence of volumes on parame-
ters after distributed into many connected components (for the proof of the
main technical tool below Lemma 4.1). Let κ : B′ → B be a covering map.
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We define the pullback κ∗ and the pushforward κ∗ of functions as follows
κ∗ : C(B;R)→ C(B′;R), κ∗ : C(B′;R)→ C(B;R);
(κ∗u)(p′) = u(κ(p′)), (κ∗u)(p) =
∑
p′∈κ−1(p)
u(p′).
If B is connected, recall that #κ ∈ N is the number of sheets of κ. Then for
any u ∈ C(B;R),
(A.1) (κ∗κ∗u)(p) =
∑
p′∈κ−1(p)
u(κ(p′)) = #κ · u(p).
The following generalizes [5, Lemma 3.7].
Lemma A.2. Let κ : B′ → B be a covering map with B′ compact (so B is
compact). Let a ∈ C(B;R), u ∈ C∞(B;R) such that u < a. Then for any
a′ ∈ C(B′;R) with κ∗a′ = a, there is u′ ∈ C∞(B′;R) such that u′ < a′ and
κ∗u′ = u.
Proof. Without loss of generality we assume B is connected and u = 0
otherwise we can deal with each connected component of B one by one and
replace a′ by a′ − u/#κ, u′ by u′ − u/#κ.
Choose ε > 0 such that #κ · ε < min a. Define h′ = a′ − ε, then κ∗h′ =
a − #κ · ε > 0. So κ∗(h′)+ > κ∗(h′)− > 0. Here (h′)+(p) = min{h′(p), 0}
and (h′)−(p) = min{−h′(p), 0} denote the positive and negative parts of h′,
respectively. Since h′ is bounded from below we set c = maxκ∗(h′)− > 0.
Define w′ = (h
′)+
κ∗κ∗(h′)+κ
∗κ∗(h′)− − (h′)−, then κ∗(w′) = 0. Moreover,
h′ − w′ = (h′)+ − κ
∗κ∗(h′)−
κ∗κ∗(h′)+
(h′)+ > 0.
By Whitney Approximation Theorem there is v′ ∈ C∞(B′;R) such that
|v′ − w′| < ε/2. Then let u′ = v′ − 1#κκ∗κ∗(v′) ∈ C∞(B′;R). So |u′ − w′| <
ε, and κ∗u′ = 0 by (A.1), hence a′ − u′ > h′ − w′ > 0 is as required. 
Finally, in the paper we need the following elementary result:
Lemma A.3 ([5, Lemma 2.1]). Let X be a locally connected locally compact
Hausdorff space. Let K(X) be the collection of compact subsets of X. Let
K ∈ K(X) and let A,A′ ⊂ X be connected and precompact. If A,A′ lies in
the same connected component C of X then there is L ∈ K(X) such that
they lie in the same connected component of L ∩ C.
Then Lemma 3.4 follows from Lemma A.3.
Proof of Lemma 3.4. Let P be the fiber of A, so A = (pi|A, A,B, P, f |A).
Let BA, PA be manifolds such that Rls A = (Rls(pi|A), A,BA, PA, f). Fix
α ∈ Reg(f) ∩ f(A) and then we consider A[α]. Since the fiber of A[α] is
a precompact submanifold of F with boundary, it can only have finitely
many components. Let Pα denote the fiber of (Rls A)|A[α] , so then Pα has
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finitely many components. By Lemma A.3, there is K ∈ K(PA) which is
connected and contains both x0 and Pα, where the closure of PA is taken
in F . Suppose β ∈ Reg(f) and β > maxi∈I maxK hi, then Pβ ⊃ K.
Let ια,β : (Rls A)|A[α] ↪→ (Rls A)|A[β] be the embedding, and let Rls ια,β =
(ια,β, κα,β). Let BA,α and BA,β be the bases of (Rls A)|A[α] and (Rls A)|A[β] ,
respectively. Then κα,β : BA,α → BA,β is a covering map. Note that a com-
ponent of Pβ contains of Pα, this means the image of κα,β is a one-fold
covering of BA. Let ιβ : (Rls A)|A[β] ↪→ Rls A be the embedding, and let
Rls ιβ = (ιβ, κβ), then κβ : BA,β → BA is a diffeomorphism. For the same
reason, #κβ′ = 1 for any β
′ ∈ Reg(f) no less than β. 
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